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SED has had success modeling black body radiation, the harmonic oscillator, the Casimir effect,
van der Waals forces, diamagnetism, and uniform acceleration of electrodynamic systems using the
stochastic zero-point fluctuations of the electromagnetic field with classical mechanics. However
the hydrogen atom, with its 1/r potential remains a critical challenge. Cole and Zou in 2003
and Nieuwenhuizen and Liska in 2015 found that the SED field prevented the electron orbit from
collapsing into the proton but eventually the atom became ionized. We look at the issues of the H
atom and SED from the perspective of symmetry of the quantum mechanical Hamiltonian which is
used to obtain the quantum mechanical results, and the Abraham-Lorentz equation, which is a force
equation that includes the effects of radiation reaction and is used to obtain the SED simulations.
We contrast the physical computed effects of the quantized electromagnetic vacuum flucuations with
the role of the real stochastic electromagnetic field.
Keywords: Key words: stochastic, electrodynamics, SED, hydrogen, symmetry, vacuum fluctuations, simu-
lation, QED. PACS:11.10, 05.20, 05.30,03.65
I. INTRODUCTION
The hydrogen atom has been the testing
ground for theoretical atomic physics for over a
hundred years. The original quantum mechan-
ics was motivated to model the H atom and
explain its spectrum [1]. That theory was re-
fined into modern quantum mechanics by Bohr,
Heisenberg and Schrodinger, Dirac, and oth-
ers. Precision measurements of hydrogen energy
levels by Willis Lamb in 1947 disagreed with
the theory, which stimulated the development
of Quantum Electrodynamics (QED)which in-
cluded the effects of the vacuum fluctuations of
the quantized electromagnetic field. The hy-
drogen atom is the fundamental two-body sys-
tem and perhaps the most important tool of
atomic physics and the challenge is to calcu-
late its properties to the highest accuracy pos-
sible. The current QED theory is the most pre-
cise of any physical theory: ”The study of the
hydrogen atom has been at the heart of the de-
velopment of modern physics...theoretical calcu-
lations reach precision up to the 12th decimal
∗ jordanmaclay@quantumfields.com
place...high resolution laser spectroscopy exper-
iments...reach to the 15th decimal place for the
1S − 2S transition...The Rydberg constant is
known to 6 parts in 1012 [2].
Stochastic electrodynamics (SED) represents
an effort to explain quantum phenomena
through classical physics done in the presence
of a real stochastic electromagnetic field which
is the sum of a portion for T = 0 with spec-
tral energy density ρ(ω) = ~ω3/2pi2c3, identical
to that of the virtual zero-point vacuum fluc-
tuations of the quantized electromagnetic field
in QED, plus a Planckian spectrum for a finite
temperature T > 0. In this paper, we focus
on the T = 0 component. SED has had success
modeling the harmonic oscillator, and other lin-
ear systems. However, analytical efforts to ad-
dress the H atom with SED have not been suc-
cessful, so researchers have turned to numerical
calculations to explore the H atom in SED and
determine if SED can model the ground state
[3],[12]. The assertion of SED originally made
by Boyer [7] is that the energy lost by radiation
from the accelerating electron bound to the H
nucleus is statistically compensated by the en-
ergy gained from the fluctuating vacuum field.
In a variation of this work, Puthoff has shown
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2that particularly for circular orbits, if a sta-
ble ground state of constant energy is achieved,
then the energy provided by the stochastic vac-
uum field exactly compensates for the energy
lost by radiation [5]. Others have asserted that
no thermodynamic stable equilibrium will be
achieved [6]. SED theory has been developed
in several books by de la Pena and his collab-
orators [16] in which they have formulated an
approach that claims to lead to the equations
of standard quantum mechanics. In this paper,
we will contrast the approach of quantum me-
chanics with that of SED, discussing the role of
vacuum fluctuations in both theories. Emphasis
is placed on the symmetry of the H atom since
this plays such a pivotal role. For both theories
we make some simplifying assumptions: non-
relativistic mechanics, no spin, infinitely heavy
proton. We discuss the most recent SED cal-
culations which have shown stability for a lim-
ited number of orbits, but ionization for longer
times[3] [12].
II. ROLE OF VACUUM
FLUCTUATIONS IN QUANTUM
MECHANICS AND SED
In the nineteen-thirties, quantum theory had
predicted zero-point vacuum fluctuations. Op-
penheimer had calculated that the vacuum fluc-
tuations gave an infinite and therefore unphys-
ical energy shift to the free electron. The the-
ory also predicted that the hydrogen 2S1/2 and
2P 1/2 levels were degenerate. In 1947 Lamb
and Retherford announced they had measured
a shift of 1058 MHz at the Shelter Island Confer-
ence. After the conference, Hans Bethe, on the
train ride to Schenectady, where he was consult-
ing for GE, developed a new approach to include
the vacuum fluctuations and QED was born.
He, and others after him, applied renormaliza-
tion methods, originally developed by Kramers
and others, to deal successfully with the infini-
ties predicted by prior approaches. Renormal-
ization asserted that the vacuum fluctuations
lead to the observed physical mass and charge
of the electron.
In QED the vacuum field is typically ex-
pressed as a sum over an infinite number of
plane waves with all possible momenta ~k and
directions k/k with the restriction that the en-
ergy Ek in each mode is ~ωk/2 = ~k/2c. The
vector potential is [17]
E(r, t) =
∑
k,λ
√
~ωk
20V
(Akλ cos (k · r− ωkt)
−Bkλ sin (k · r− ωk}t)) ek,λ (1)
where the raising and lowering operators obey
the commutation rules
[akλ, a
†
k′λ′ ] = δkk′δλλ′ (2)
and the two polarization vectors (λ = 1, 2) are
orthogonal to k so k · ek,λ = 0, and
ek,λ · ek,λ′ = δλλ′ . (3)
The quantization volume V is an artifice to
avoid infinite volumes. In this box normaliza-
tion kx = 2pinx/Lx , ky = 2piny/Ly , and
kz = 2pinz/Lz , with V = LxLyLz, and the
integers nx, ny, and nz go from -∞ to +∞.
The electric field is E(r, t) = −∂A(r, t)/∂r and
B(r, t) = ∇×A(r, t).
To summarize the properties of the vacuum
field in QED: no real photons are present, only
random virtual photons of energy ~ωk/2 and
momentum hk/2c, with all possible momenta
present consistent with Eq 1. The expecta-
tion values of the fields vanish but the vari-
ances do not. The fields are isotropic (invari-
ant under rotations), invariant under space-time
translations (homogeneous), and under boosts
(Lorentz invariant). The energy density spec-
trum which is proportional to ω3 is also Lorentz
invariant.
In QED, the zero-point quantum fluctuations
are responsible for the mass and charge renor-
malization of particles. In this process one pos-
tulates the following:
bare point electron + vacuum fluctuations +
radiative reaction →
electron with physical mass, charge and
effective size about Compton wavelength.
3A similar process occurs for an atom, in which
the atom undergoes allowed virtual (energy con-
serving) transitions due to the vacuum field.
These transitions can be seen as shifting the
average energy of the atom. This is one pic-
ture (approximate) of radiative shifts, such as
the Lamb shift[18]. The Lamb shift is a small
shift, about 1 part in 106. It has been predicted
correctly to about 1 part in 109 by QED. In
QED, radiative shifts are generally calculated
using Feynmann diagrams, in which the atom is
depicted as propagating in time, and it absorbs
or emits a virtual photon changing its state cor-
respondingly, then a short time later (consis-
tent with the time-energy uncertainty princi-
ple) emits or absorbs the same virtual photon
and returns to the initial state. This process
arises from the p · A term in the Hamiltonian
and can involve all possible photons, but only
photons of the resonant frequency will induce
transitions. This model in a sense describes the
interaction of the electron with its own radia-
tion field. In QED this is equivalent to inter-
acting with the ubiquitous virtual fluctuating
vacuum field. The electron mass renormaliza-
tion in QED is the state independent shift in
energy for a bare electron given by the p · A
and the A ·A terms.
What makes Equation 1 for the vector po-
tential unique to the quantized electromagnetic
field is the presence of the operators akλ and
a†kλ. The expression for the vector potential or
the E(r, t) field can be recast with real (Hermi-
tian) operators into the form:
E(r, t) =
∑
k,λ
√
~ωk
20V
(Akλ cos (k · r− ωkt)
−Bkλ sin (k · r− ωk}t)) ek,λ (4)
where
[Akλ, Bk′λ′ ] = 2 i δkk′λλ′ (5)
and the expectation values with respect to the
vacuum are 〈Akλ〉 = 〈Bkλ〉 = 0 and the vari-
ances are 〈A2kλ〉 = 〈B2kλ〉 = 1.
Equation 4 appears precisely the same as the
equation often used in SED, with the differences
that Akλ and Bkλ are not operators but inde-
pendent Gaussian variables with average 0 and
variance 1. Also for each term the energy taken
as the integral
∫
V
d3r( 02 E
2 + 12µoB
2) = ~ωk.
In some cases a convergence factor for the en-
ergy may be used [12]. The SED field is real
and is scaled so that the spectral energy den-
sity ρ(ω) = ~ω3/2pi2c3 is identical to that of
QED. The vacuum field in SED is also invariant
under Lorentz transformations, which includes
translations, rotations, and boosts.
Vacuum fluctuations are at the heart of SED.
Because the expression for the vacuum field has
an infinite number of plane waves, in SED cal-
culations mathematical simplifications are em-
ployed to make calculations tractable. How the
vacuum field is treated mathematically is prob-
ably one of the most critical aspects of SED
modeling. A finite sum over discrete k with
a restricted range of ωk is generally employed,
which may alter the symmetry properties of the
vacuum field. In the SED H atom calculations,
the frequencies employed have been within four
orders of magnitude of the rotational frequency
of the electron in the atom[3],[12]. The phys-
ical mass and charge of the electron are used,
whereas in QED the higher frequency compo-
nents of the vacuum fluctuations have the effect
of giving a bare particle the physical mass and
charge of the electron. These high frequency
components are not explicitly considered in the
SED calculations. Even with such simplifica-
tions, millions or billions of waves are included
requiring extensive computing power. In SED,
the vacuum fluctuations are the source of be-
havior characteristic of quantum systems, for
example, for the harmonic oscillator. Indeed
that is the basic contention of SED, that clas-
sical physics plus the vacuum field leads to the
correct predictions for atomic systems, as does
quantum mechanics:
classical mechanics + radiative reaction +
point electron with physical mass + real
vacuum fluctuations(SED)
→ stable atom with correct behavior.
In summary, the role of the vacuum field in
SED is to stabilize the electron orbit by provid-
4ing the energy lost to radiation from the d3r/dt3
term. Since the electron follows a classical orbit
in SED, the orbit must be constantly changing
to mimic wavelike behavior shown in quantum
mechanics. Indeed from Earnshaw’s theorem
there is no stable static arrangement of charges
so fluctuations are to be expected. One inter-
pretation of the orbital behavior is that when
the electron loses energy and moves closer to the
nucleus, its orbital frequency increases and it in-
teracts more strongly with the higher frequency,
higher energy waves in the vacuum field, caus-
ing it to accelerate, gain energy and move to a
larger radius orbit. With the larger radius, the
orbital frequency slows down, the electron in-
teracts more strongly with the lower frequency
waves, loses energy and moves to a smaller or-
bit. Thus the electron oscillates from smaller to
larger radii [7] [8].
III. THE HYDROGEN ATOM IN
QUANTUM MECHANICS AND
CLASSICAL MECHANICS WITH NO
RADIATIVE REACTION
In the quantum mechanical H atom there is
no radiation from the electron due to the stand-
ing wave nature of the electron orbitals when
the atom is in a stationary state. The wavefunc-
tions and energy levels are determined solely by
the symmetry of the Coulomb potential. The
Hamiltonian is
H =
p2
2m
− Ze
2
r
. (6)
We discuss the symmetry of H and its im-
plication in the classical case with no radia-
tion since SED is a classical theory. We also
outline the very similar effects of the symme-
try in the quantum mechanical system. Clas-
sically, the orbits about the Coulomb potential
are stable orbits (assuming no radiation), mean-
ing that a perturbation to the position of the
electron in the orbit will lead only to small os-
cillations. In the classical system there are or-
bits, in the quantum mechanical system there
are wavefunctions. Solutions to Schrodinger’s
FIG. 1. The classical limit of the orbital is a non-
precessing ellipse with constant L andA. The semi-
major axis is rc and L
2+A2 = a2r2 =〉 energy. The
eccentricity  = sin ν and a = (−2mE)1/2.
equation H|ψ〉 = E|ψ〉 are stationary energy
eigenstates. The rotational symmetry of the
atom implies that H is invariant under rotation.
Rotations are generated by eiLφ/~ where the an-
gular momentum L = r× p, so [H,L] = 0. On
the other hand [H,L] = −i~dL/dt so the an-
gular momentum is conserved. For the classical
orbit, the energy E and L are also constant,
and L would be normal to the orbital plane.
Symmetry operators of H are conserved in time.
There is an additional symmetry operator of H,
the Runge-Lenz vector A:
A =
p× L− L× p
2a
− mZe
2r
r
(7)
where a = (−2mE)1/2, the effective momen-
tum. The Runge-Lenz vector is constant, point-
ing along what would classically be the princi-
pal axis of the orbit, and is perpendicular to
the angular momentum L · A = 0 (see Fig.1).
In the classical H atom eiAρ/~ is a generator
of changes in the eccentricity  of the orbit in
such a way that the energy remains unchanged.
In quantum mechanics, the Runge-Lenz vector
generates a transformation that takes a state of
given principal quantum number n and given
L (L ≤ n − 1) into a superposition of the n2
degenerate states with the same n.
From the definitions of the two conserved vec-
5tors, it is trivial to obtain the equations for the
classical orbits:
r ·A = rA cosφr = −r(mZe2/a) + r · p× L,
(8)
and substituting r · p× L = L2 gives
r =
L2/mZe2
(a/mZe2)A cosφr + 1
(9)
which describes an ellipse with eccentricity  =
A(a/mZe2). Computing A ·A and substituting
the value for A gives
 = [2|E|L2/m(Ze2) + 1]1/2. (10)
The semi-major axis is the average of the radii
at the turning points. From the orbit equation,
we find
rc =
L2
mZe2
1
1− 2 =
Ze2
2|E| . (11)
The energy depends only on the length of the
semi-major axis rc not on the eccentricity. This
makes sense because A changes the eccentricity
but not the energy. Using the equations for A2
and L2, with  = sin ν, we find
L = arc cos ν A = arc sin ν (12)
therefore,
L2 +A2 = a2r2c = −
m(Ze2)2
2|E| . (13)
Thus the values of A and L determine the en-
ergy E. A similar equation can be derived in
quantum mechanics, and using the quantization
of the operators A and L, we obtain the quan-
tized energy levels as a function of the principal
quantum number n. The commutators of A and
L are
[Li, Lj ] = iijkLk [Ai, Aj ] = iijkLk (14)
[Li, Aj ] = iijkAk. (15)
The generators A,L form a Lie algebra that
closes. To determine the corresponding symme-
try group define the generators M = 1/2(L−A)
and N = 1/2(L + A) which have the commu-
tation properties of two disjoint O(3) groups
O(3)×O(3) ≈ O(4):
[Mi, Nj ] = 0 [Mi,Mj ] = iijkMk (16)
[Ni, Nj ] = iijkNk. (17)
The Lie algebra for M or N is the same as
the familiar commutation relations for angu-
lar momentum [Ji, Jj ] = iijkJk. For angu-
lar momentum the allowed representations are
characterized by the scalar J2 = J(J + 1),
where J = 0, 1/2, 1, ... The 2J + 1 angular mo-
ment kets |Jm〉 for this representation are gen-
erally chosen so Jz|jm〉 = m|Jm〉, where m =
−J,−J + 1, ..., 0, 1, 2, ..., J . In analogy with the
usual O(3) results M2 = N2 = 1/4(L2 +A2) =
j(j + 1) for j + 0, 1/2, 1, ... Thus we obtain
L2 +A2 +1 =
(mZe2)2
−2mE = (2j+1)
2 = n2 (18)
where n=1,2,3,...is the principal quantum num-
ber and n2 is the degree of degeneracy for the
representation. The wavefunctions are eigen-
function of Lz and Az. The O(4) symmetry
of the wavefunctions is especially manifest in
momentum space, where the wavefunctions are
spherical harmonics in 4 dimensions. It is possi-
ble to enlarge the symmetry group from O(4) to
SO(4,2) in such a way that all states, scattering
and bound, are included in the representation
of the group[18].
In summary, the symmetry of the Hamilto-
nian for the H atom determines the energy lev-
els, the orbits or wavefunctions, the degeneracy,
the constants of the motion. For the ground
state n=1 and L=0 and there is no degeneracy.
IV. THE HYDROGEN ATOM IN SED
In SED, because of the radiative reaction,
the energy of the electron is not conserved and
the equation of motion generally used is the
Abraham-Lorentz force equation[3][9][12]
m
d2r
dt2
= −Ze
2r
r3
+
2e2
3c2
d3r
dt3
− e(E(r, t) + v ×B(r, t)). (19)
6The first term on the right of the equal sign
is the Coulomb force, the next term is the ra-
diative reaction, followed by the Lorentz force
due to the vacuum fields E(r, t) and B(r, t).
The presence of the radiative reaction and the
Lorentz force eliminates the symmetry of equa-
tion: angular momentum is not conserved, the
Runge-Lenz vector is not constant and the elec-
tron energy is not constant. It should be men-
tioned that there is a fully relativistic form of
Eq. 19, the Abraham-Lorentz-Dirac equation,
used, for example, in the study of charges ac-
celerated uniformly through the vacuum [19].
The Abraham-Lorentz force (2e2/3c2)da/dt
is the non-relativistic recoil force for an accel-
erating charged particle caused by the parti-
cle emitting radiation which carries momentum,
angular momentum and energy[20]. The radia-
tion field from the particle is essentially exerting
a force on itself, sometimes called a “self-field”,
a phenomena which can leads to renormaliza-
tion and a host of unsolved complications ulti-
mately dealing with the nature of elementary
particles[20][21]. Radiative reaction and vac-
uum fluctuations are intimately intertwined[17].
For example, in quantum mechanics, both are
required to maintain the canonical commuta-
tion relations. The third order derivative for
the Lorentz force requires the vacuum energy
density to go as ω3. Renormalization methods
in classical physics and in QED have been de-
veloped to deal with these issues in an effective
if not fundamental way. The Abraham-Lorentz
equation is is a third order differential equation
in time, which requires three initial conditions
(the initial position, velocity and acceleration),
and which leads to mathematical problems such
as runaway solutions and acausal behavior and
divergences (see [22] for a discussion).
In most calculations the magnetic field is
dropped and a dipole approximation is used
so the electric field is a function of time alone
E(r, t) ≈ E(t). The electron is assumed to move
in a plane. Also often the third derivative is
approximated by using the equation obtained
when there is no radiative reaction or vacuum
field md2r/dt2 = −Ze2rr3 so (2e2/3c2)da/dt ≈
(2Ze4/3m2c2)dr/dt.
FIG. 2. Typical plot of r vs time for one trajectory.
The inset shows the probability density P(r) vs r for
this trajectory. A lower curve of r vs. t shows that
if no zero-point radiation was present, then atomic
collapse would occur in about 1.3× 10−11 sec. The
starting trajectories began at 0.53 A˚ [3].
V. SED SIMULATIONS OF THE
GROUND STATE OF THE H ATOM
Cole and Zou performed the first simulations
of the hydrogen atom[3][8]. They retained the
effect of the magnetic field, approximated the
radiative term as discussed above, and did not
use a dipole approximation. They used an
adaptive time step Runge-Kutta 4th order al-
gorithm, roughly equivalent to a net 5th order
algorithm in dt to simulate 2 d orbits in a box
27 A˚ by 27 A˚ by 0.41 cm, where the normal
to the plane of the orbit was in the larger Z
direction. The advantage of choosing this ge-
ometry was that it reduced the number of plane
waves they needed to consider to 2.2×106, with
wavelengths from 0.1A˚ to 900A˚ and waves only
in the Z direction, yet was able to capture the
most important physical features[3]. They did
11 simulations, each starting at a radius of 0.53
A˚ but with different random amplitudes for
the waves. They ran the simulations for about
10−11 sec or roughly 100,000 orbits. In total
these calculations took about 55 CPU days.
Fig. 2 shows a typical trajectory as a function
of time. It shows fluctuations in the radius by
7a factor of about 3 for roughly 100,000 orbits.
As the inset shows, without the ZP field, the
electron would have collapsed after about 1.3×
10−11 sec, so clearly the ZP field is preventing
collapse during the interval shown.
Fig. 3 shows the radial probability distribu-
tion P(r) vs. radius, computed from a time av-
erage of the 11 simulations, up to the time in-
dicated for each plot. Also shown is the P(r)
computed from the ground state Schrodinger
wavefunction. As time increases, the distribu-
tion approaches that predicted by quantum me-
chanics.
FIG. 3. Plots of the radial probability density
vs. radius. The solid line was calculated from the
ground state Schrodinger wavefunction. The dot-
ted curves are simulation results, with starting tra-
jectories began at 0.53A˚ calculated as a time av-
erage for all 11 simulation runs from t=0 to the
indicated time: left side, 1.417 × 10−12 sec, right
side, 7.25× 10−12sec [3].
The simulations of Cole and Zou typically ran
for about 10−11sec or roughly 100, 000 orbits
and showed that as time increased, the radial
distribution in r tended to look more like that
predicted by quantum mechanics. In subse-
quent simulations using 30 PCs, Cole increased
the span of wavelengths used for the applied
zero-point field from 104 to 106 and found ion-
ization occurred unless they increased the preci-
sion of the computation [8]. These preliminary
results were only for about 10−12 sec, about one
tenth the time of the previous work and showed
general agreement with the previous work. Cole
and Zou also explored fundamental interactions
between circularly polarized (CP) electromag-
netic radiation and the electron initially in or-
bit about the proton, demonstrating that a sta-
ble circular orbit could be obtained by judicious
choice of the amplitude and phase of a single CP
normally incident wave with the same frequency
as the orbital motion, and that a stable ellipti-
cal orbit could be obtained with a superposi-
tion of CP waves consisting of many harmonics
of the orbital motion[4]. Cole and Zou[11] and
Cole[10] did an ensemble of simulations with dif-
ferent initial positions of the electrons, and ex-
plored resonances that arise for certain orbital
conditions, deepening understanding about the
details of SED simulations and the classical H
atom, and possibly paving the way for under-
standing transitions in H atom energy levels
with SED.
The simulations by Nieuwenhuizen and Liska
[12], done over a decade after the pioneering
work of Cole and Zou[3] used the vastly im-
proved computing power (5.6 TFLOPS single
precision floating point). They did a 3d sim-
ulation that included about 107 plane waves.
To simplify the computation they replaced the
3d sums over all k by 1d sums over frequency
with Gaussian amplitudes chosen such that they
reproduce the same correlation function in the
limit where the frequency mesh vanishes (N →
∞). They also computed orbits for times that
were twice as long, about 3 × 10−11 sec, with
about 106 orbits.
A 4th order Runge-Kutta algorithm was used
with about 4000 iterations/orbit. The electric
field was updated as a function of time ten times
each orbit, with interpolation in between. Nu-
merous methods were employed to check the
computational accuracy of the results.
Fig. 4 shows the energy in Bohr units and the
eccentricity as a function of the time with units
of to = 1/ω0, the Bohr time t0 = ~/Z2α2mc2,
which is (1/2pi) of the QM orbital period. The
energy of the ground state is ~ω0/2. These sim-
ulations employed a moving cutoff equal to 2.5
times the orbital frequency. The energy varies
from about 0.1 to -1.6 Bohr units (without ra-
8diative reaction the energy would be -.5). The
eccentricity  varies from about 0.05 to 0.95
(without radiative reaction  would be 0 for a
circular orbit).
FIG. 4. Plots of the energy E (left side) and eccen-
tricity  (right side) as a function of time in units
of t0 for Z=3, for 1.5× 106 revolutions. The energy
for the ground state in quantum mechanics would
be 0.5 with the scale used (Bohr units)[12].
Fig. 5 shows the variation in the radius with
time in units of t0 and a corresponding his-
togram of the radius. The radius varies very
rapidly from 0.1 to 8 Bohr radii , while the ec-
centricity and energy remain somewhat more
stable on longer timescales. Unlike Cole and
Zou [3], they did not see a trend to reproduce
the wavefunction, although their simulations
suggested this might occur for shorter times
scales.
These plots suggest the possibility that the
orbits may stabilize. However, when the simu-
lations are done for longer times of the order of
107t0, instabilities developed which eventually
lead to ionization Fig.6. When higher harmon-
ics were included (4.5 and 6.5), ionization oc-
curred earlier. Ionization was defined as the mo-
ment when the electron stayed above E = −0.05
for at least 107t0. The moment of ionization is
not shown in the subsequent plots[12].
With an upgrade in computing power, allow-
ing double precision and a fixed cutoff of the
frequency spectrum of the random fields, ion-
ization occurred at an even earlier time. The
FIG. 5. Plots of the radius r of the electron orbit
as a function of time in units of t0 (left side) and a
histogram of r (right side), for the same simulation
as Fig. 4. The smooth curve is the probability
distribution expected from quantum mechanics.[12]
FIG. 6. Plots of the energy E (left side) and the
eccentricity  as a function of time for Z=1 with a
fixed cutoff exposing the trend towards ionization
at E = 0,  = 1. The time window in 45 times
shorter than in Fig. 4 and Fig. 5 [12].
energy of the electron tended to decrease to zero
while the eccentricity increased leading to ion-
ization. It is not clear precisely why these com-
putational upgrades led to ionization at signifi-
cantly earlier times.
In a second set of simulations, Nieuwenhuizen
and Liska included relativistic corrections and
the effects of the magnetic fields[13]. Never-
theless, they obtained essentially the same re-
9FIG. 7. Distribution of the angular momentum L
(in units of ~) from the numerical simulation of the
SED dynamics reported in [12]. Not much weight
lies below L = 0.588 , confirming that when such a
value is reached at near-zero energy, self-ionisation
may occur rapidly and the run is ended. Full curve:
the distribution of L from the conjecture for the
would-be stable ground state distribution from [14].
sults, ionization at early times. Niewenhuizen
did a theoretical model of the H atom with the
stochastic field, and computed the change in en-
ergy with each orbit of the electron[15]. If the
energy gets very low and the angular momenta
goes below 0.588~, then the orbits are very ec-
centric, and the electron gains energy with each
rotation, leading to self-ionization. In a simu-
lation, as shown in Fig. 7 they observed that
the angular momentum seldom went below this
critical value, in agreement with the predicted
result.
VI. DISCUSSION
SED researchers have made significant
progress in the very complex task of modeling
the ground state of the H atom, and shown that
for short times corresponding to tens of thou-
sands of orbits the real stochastic zero-point
field can provide the energy lost to radiation
and maintain the orbital motion. However, as
time passes and more regions of phase space are
explored, the orbits tend to become highly ellip-
tical, with lower angular momentum, and self-
ionization occurs. The question arises: is this
instability due: 1) to the specific implementa-
tions of SED, including the approximations and
numerical methods used, or 2) is this instability
inherent in the SED approach to the H atom,
or 3) is it more fundamental in nature, and per-
haps reflects a characteristic chaos arising from
non-linear potentials [9][10], as observed, for ex-
ample, in comparisons of classical and quantum
models of photo-dissociation with the Morse po-
tential for diatomic molecules [23]. For a variety
of non-linear systems there are regions of clas-
sical phase-space characterized by chaos.
Contrasting the approach of quantum me-
chanics and quantum electrodynamics to that
of SED is illuminating. In QED, the various
physical phenomena, including the zero-point
field, the fundamental properties of the electron,
the presence of radiation, the properties of the
Coulomb field, and the stability of atoms, are all
parsed in such a way that the system is mathe-
matically tractable and well behaved solutions,
reflecting the symmetry of the 1/r potential, are
found. On the other hand it appears that the
current SED approach lumps all these phenom-
ena together in the Abraham-Lorentz equation
with the zero-point field, which leads to very
challenging mathematical entanglements that
mask the symmetry of the solutions. For ex-
ample, in QED, the self interaction leads to
a big effect on the electron: mass renormal-
ization. The remaining radiative shift for the
atom is very small. In SED, the radiative ef-
fects in the Abraham-Lorentz equation lead to
weak but persistent forces, whereas the vacuum
field forces are much larger and fluctuate greatly
from positive to negative values, making it dif-
ficult to obtain a stable orbit.
There are many more issues that SED needs
to address beyond the attainment of a stable
orbit. Can SED develop a set of states for
the H atom that are isomorphic to those pre-
dicted by QM, with characteristic quantized val-
ues of angular momentum and energy? with
the same degree of degeneracy? Can SED pre-
dict the transitions between energy levels? Can
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SED predict the results of measurements on the
atom? It is very difficult to see a path for at-
taining these objectives with the current SED
approach. For a first step, for example, SED
needs not only to obtain stable ground state
orbit, but, to probably predict an orbit that
is similar to the quantum ground state which
has a spherically symmetric probability distri-
bution with quantized angular momentum of
zero. Perhaps this might be obtained with a
superposition of suitable initial conditions. But
considering superpositions leads to ideas char-
acteristic of quantum mechanics. This raises
the question: does making SED predict the H
atom correctly require the modification of SED
so that it becomes essentially a reformulation
of quantum mechanics? Perhaps SED, which
predicts particles with definite orbits, has a re-
lationship to Bohmian mechanics, which also
describes definite orbits, has a non-local poten-
tial, and predicts measurements that agree with
those of quantum mechanics[24].
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